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TORIC IDEALS GENERATED BY CIRCUITS
JOSE´ MARTI´NEZ-BERNAL AND RAFAEL H. VILLARREAL
Abstract. Let IA be the toric ideal of a homogeneous normal configuration A ⊂ Z
n. We prove
that IA is generated by circuits if and only if each unbalanced circuit of IA has a connector
which is a linear combination of circuits with a square-free term. In particular, if each circuit of
IA with non-square-free terms is balanced, then IA is generated by circuits. As a consequence
we prove that the toric ideal of a normal edge subring of a multigraph is generated by circuits
with a square-free term.
1. Introduction
Let A be a finite vector configuration in Rn and let IA be its associated toric ideal , i.e.,
A = {v1, . . . , vq} ⊂ Z
n and IA is the prime ideal of K[T ] given by (see [14]):
IA =
(
T a − T b| a = (ai), b = (bi) ∈ N
q,
∑
i aivi =
∑
i bivi
)
⊂ K[T ],
where K[T ] = K[T1, . . . , Tq] is a polynomial ring over a field K. Here we will use T
a as an
abbreviation for T a11 · · ·T
aq
q , where a = (ai) is a vector in N
q. Let A be the matrix with column
vectors v1, . . . , vq and let V be the kernel of A in Q
q. An integral vector 0 6= α ∈ V is called a
circuit of V if α has minimal support and its non-zero entries are relatively prime. A binomial
T a − T b is called a circuit of IA if a − b is a circuit of V and gcd{T
a, T b} = 1. In Section 2
the notion of a circuit is discussed in more detail. The number of circuits of V is finite [16,
Corollary 8.4.5] and the circuits of V generate V ∩ Zn as a group [16, Theorem 8.4.10]. The
notion of a circuit occurs in convex analysis [11], in the theory of toric ideals of graphs [2, 14, 15],
and in matroid theory [10]. The ideal generated by the circuits of IA has been studied in [3].
We are interested in configurations whose toric ideal IA is generated by circuits. The best
known examples of toric ideals generated by circuits come from configurations whose matrix
A is unimodular [14]. In Corollary 2.9 we present a larger family of toric ideals generated
by circuits. Another interesting family of examples of toric ideals generated by circuits are the
phylogenetic ideals studied in [5]. As noted in [9], these phylogenetic ideals actually represent the
family of cut ideals of cycles. Toric ideals have been widely studied from various points of view
and have interesting connections with commutative algebra, geometry, integer programming and
graph theory [1, 6, 14, 16].
The configuration A is normal if NA = ZA ∩ R+A, and homogeneous if A lies on an affine
hyperplane in Rn not containing the origin. As usual, NA (resp. ZA) denotes the semigroup
(resp. subgroup) of Zn generated by A, and R+A denotes the cone generated by A consisting
of the linear combinations of A with coefficients in R+ = {x ∈ R|x ≥ 0}. A binomial T
a − T b
has a square-free term if T a is square-free or T b is square-free. The main result of this paper
is Theorem 2.6. It shows that the toric ideal IA of a homogeneous normal configuration is
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generated by circuits if and only if every unbalanced circuit of IA has a connector which is a
K[T ]-linear combination of circuits of IA with a square-free term. See Definition 2.5 for a precise
definition of the notion of a balanced circuit as well as for that of a connector. In particular, if
A is homogeneous, normal and each circuit of IA with non-square-free terms is balanced, then
IA is generated by circuits (see Corollary 2.8). As an application we prove that normal edge
ideals of multigraphs are generated by circuits with a square-free term (see Theorem 3.2).
2. Circuits of Toric ideals
Let A = {v1, . . . , vq} ⊂ Z
n be a finite vector configuration, let A be the integral matrix with
column vectors v1, . . . , vq, and let IA be the associated toric ideal of A. For α = (αi) ∈ R
q, its
support is defined as
supp(α) = {i |αi 6= 0}.
Note that α = α+ − α−, where α+ and α− are two non-negative vectors with disjoint support.
Definition 2.1. Let V = {α|Aα = 0} be the kernel of A in Qq. A circuit of A is a non-zero
integral vector α in V whose support is minimal with respect to inclusion (i.e., supp(α) does
not properly contains the support of any other non-zero vector in V ) and such that the non-zero
entries of α are relatively prime. A circuit of A is also called a circuit of V . If α is a circuit of
A, we call the binomial Tα+ − Tα− a circuit of the toric ideal IA.
Let E = {1, . . . , q} be the set of column labels of the matrix A and let I be the set of subsets
B of E for which the multiset of columns labeled by B is linearly independent in Qn. Then
M [A] = (E,I) is a matroid on E by [10, Proposition 1.1.1, p. 8], i.e., the collection I satisfies
the following three conditions:
(i1) ∅ ∈ I.
(i2) If I ∈ I and I
′ ⊂ I, then I ′ ∈ I.
(i3) If I1 and I2 are in I and |I1| < |I2|, then there is an element e of I2 \ I1 such that
I1 ∪ {e} ∈ I.
The matroid M [A] is called the vector matroid of A over the field Q. The reader is referred
to [10] for a general theory of matroids. The members of I are the independent sets of M [A].
A subset of E that is not in I is called dependent . A minimal dependent set in M [A] is called
a circuit of M [A]. It is interesting to observe that there is a correspondence
Circuits of A −→ Circuits of M [A]
α = (α1, . . . , αq) 7−→ supp(α).
Thus the set of circuits of A is an algebraic realization of the set of circuits of the vector matroid
M [A].
Definition 2.2. Two vectors α = (αi) and β = (βi) in Q
q are in harmony if αiβi ≥ 0 for all i.
Lemma 2.3 ([11]). Let V be the kernel of A in Qq. If 0 6= α ∈ V , then there is a circuit γ ∈ V
in harmony with α such that supp(γ) ⊂ supp(α).
A non-zero binomial T a − T b is said to have a square-free term if ai ∈ {0, 1} for all i or
bi ∈ {0, 1} for all i. If ai /∈ {0, 1} for some i and bj /∈ {0, 1} for some j, we say that the binomial
T a − T b has non-square-free terms.
Lemma 2.4. [13, Proposition 4.1] If A is homogeneous, normal, and IA is minimally generated
by a finite set B consisting of binomials, then every element of B has a square-free term.
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Definition 2.5. A binomial g = T a11 · · ·T
aq
q −T
b1
1 · · · T
bq
q is called balanced if the following holds:
max{a1, . . . , aq} = max{b1, . . . , bq}.
If g is not balanced it is called unbalanced. Let g be an unbalanced binomial of the form:
g = T b11 · · ·T
br
r − T
br+1
r+1 · · ·T
bs
s , bi ≥ 1∀i,
where 1 ≤ m1 = max{b1, . . . , br} < max{br+1, . . . , bs} = m2. A connector of g is a binomial:
Ti1 · · ·Tij − T
cj+1
ij+1
· · ·T cmim , ci ≥ 1∀i,
with a square-free term Ti1 · · ·Tij such that {i1, . . . , ij} ⊂ {1, . . . , r} and the intersection of
{ij+1, . . . , im} with {r + 1, . . . , s} is non-empty.
We come to the main result of this paper.
Theorem 2.6. Let A be a homogeneous normal configuration and let IA be its toric ideal. The
following are equivalent:
(a) IA is generated by a finite set of circuits.
(b) IA is generated by a finite set of circuits with a square-free term.
(c) Every unbalanced circuit of IA has a connector which is a linear combination (with
coefficients in K[T ]) of circuits of IA with a square-free term.
Proof. Let R = k[x±11 , . . . , x
±1
n ] be the ring of Laurent polynomials over a field K and let K[F ]
be the subring of R generated by F = {xv1 , . . . , xvq}. Since A is normal, we get that K[F ] is
normal, i.e., K[F ] = K[F ], where K[F ] is the integral closure of K[F ] in its field of fractions.
As A is homogeneous, we get that any binomial T a − T b in IA is homogeneous with respect to
the standard grading of K[T ] = K[T1, . . . , Tq] induced by setting deg(Ti) = 1 for all i, a fact
that will be used repeatedly below without any further notice.
(a) ⇒ (b): The toric ideal IA is minimally generated by a finite set B of circuits. Thus, by
Lemma 2.4, each binomial of B is a circuit with a square-free term.
(b)⇒ (c): Let g be an unbalanced circuit of A:
g = T b11 · · ·T
br
r − T
br+1
r+1 · · ·T
bs
s , bi ≥ 1∀i,
where 1 ≤ m1 = max{b1, . . . , br} < max{br+1, . . . , bs} = m2. We may assume m2 = br+1. Then
(2.1) (xv1 · · · xvr/xvr+1)m1 ∈ K[F ].
The element xv1 · · · xvr/xvr+1 is in the field of fractions of K[F ] and by Eq. (2.1) it is integral
over K[F ]. Hence, by the normality of K[F ], the element xv1 · · · xvr/xvr+1 is in K[F ]. Since
K[F ] is generated as a K-vector space by Laurent monomials of the form xa, with a ∈ NA, it is
not hard to see that there is a monomial T γ such that
T1 · · ·Tr − Tr+1T
γ ∈ IA.
This is a connector of g and by hypothesis it is a linear combination of circuits of IA with a
square-free term.
(c) ⇒ (a): By Lemma 2.4, the toric ideal IA is minimally generated by a finite set
B = {f1, . . . , fm}
consisting of binomials with a square-free term. We will show, by induction on the degree, that
each one of the fi’s is a linear combination of circuits. The degree is taken with respect to the
standard grading of K[T ].
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Let f be a binomial in B. We may assume that f has the form:
f = T1 · · ·Tp − T
ap+1
p+1 · · · T
aℓ
ℓ , ai ≥ 1∀i, ℓ ≤ q.
Assume that f is not a circuit. Then by Lemma 2.3 there is a circuit in IA (permuting variables
if necessary) of the form
g = T b11 · · ·T
br
r − T
bp+1
p+1 · · · T
bs
s , bi ≥ 1∀i,
with r < p or s < ℓ. We set m1 = max{b1, . . . , br} and m2 = max{bp+1, . . . , bs}.
We claim that there exist binomials h and h1 (we allow h = h1 or h = 0) in IA of degree less
than deg(f) = p and a binomial h2 which is a linear combination of circuits of IA such that f is
in the ideal of K[T ] generated by g, h, h1, h2. To prove this we consider the following two cases.
Case (A): r = p and s < ℓ. Then
(2.2) g = T b11 · · ·T
bp
p − T
bp+1
p+1 · · ·T
bs
s .
Subcase (A1): bi = 1 for i = 1, . . . , p. Then we can write
f − g = T
bp+1
p+1 · · ·T
bs
s − T
ap+1
p+1 · · ·T
aℓ
ℓ = Tp+1h,
for some binomial 0 6= h ∈ IA (recall that IA is a prime ideal) with deg(h) < deg(f) = p.
Subcase (A2): bi = 1 for i = p+ 1, . . . , s. Then
g = T b11 · · ·T
bp
p − Tp+1 · · ·Ts.
By subcase (A1), we may assume that bi ≥ 2 for some 1 ≤ i ≤ p. Then, on the one hand, by the
homogeneity of g, p+1 ≤
∑p
i=1 bi = s−p, so 2p+1 ≤ s. On the other hand, by the homogeneity
of f , p ≥ ℓ− p ≥ s− p+ 1, so 2p − 1 ≥ s. This is a contradiction. So this case cannot occur.
Subcase (A3): bi ≥ 2 for some 1 ≤ i ≤ p, bp+j ≥ 2 for some 1 ≤ j ≤ s − p, and m1 ≥ m2.
Then
f = T1 · · ·Tp − T
ap+1
p+1 · · ·T
aℓ
ℓ ,
g = T b11 · · ·T
bp
p − T
bp+1
p+1 · · ·T
bs
s .
For simplicity of notation we may assume that m1 = b1. Using that g ∈ IA and m1 ≥ m2 ≥ 2,
we get
(xvp+1 · · · xvs/xv1)m2 ∈ K[F ].
Hence, by the normality of K[F ], there is a monomial T γ such that the binomial
h1 = Tp+1 · · ·Ts − T1T
γ
is in IA. The binomial h1 is non-zero and has degree less than deg(f) because s− p < ℓ− p ≤ p;
the second inequality follows from the homogeneity of f . Let
T δ = T
ap+1
p+1 · · ·T
aℓ
ℓ /Tp+1 · · ·Ts.
We have
(2.3) f + h1T
δ = f + (Tp+1 · · · Ts − T1T
γ)T δ = T1 · · ·Tp − T1T
γT δ = T1h,
where 0 6= h ∈ IA and deg(h) < p.
Subcase (A4): bi ≥ 2 for some 1 ≤ i ≤ p, bp+j ≥ 2 for some 1 ≤ j ≤ s − p, and m1 < m2.
Since g is an unbalanced circuit, by hypothesis g has a connector
h2 = Ti1 · · ·Tik − Tik+1T
γ , i1 < · · · < ik,
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with ik+1 ∈ {p + 1, . . . , s}, {i1, . . . , ik} ⊂ {1, . . . , p} and such that h2 is a linear combination of
circuits of IA. Set
T δ = T1 · · ·Tp/Ti1 · · · Tik .
If f = h2T
δ, then T δ = 1 and f = h2. If f 6= h2T
δ, then we can write
(2.4) f − h2T
δ = Tik+1T
γT δ − T
ap+1
p+1 · · · T
aℓ
ℓ = Tik+1h,
with 0 6= h ∈ IA and deg(h) < p.
Case (B): r < p and s ≤ ℓ. In this case
f = T1 · · ·Tp − T
ap+1
p+1 · · ·T
aℓ
ℓ ,
g = T b11 · · ·T
br
r − T
bp+1
p+1 · · · T
bs
s .
Subcase (B1): bi = 1 for i = 1, . . . , r. Then
(2.5) f − gTr+1 · · ·Tp = T
bp+1
p+1 · · ·T
bs
s Tr+1 · · ·Tp − T
ap+1
p+1 · · ·T
aℓ
ℓ = Tp+1h,
where 0 6= h ∈ IA and deg(h) < p.
Subcase (B2): bi = 1 for i = p+ 1, . . . , s. Let
T γ = T
ap+1
p+1 · · ·T
aℓ
ℓ /Tp+1 · · ·Ts.
Then we have
(2.6) f − gT γ = T1 · · ·Tp − T
b1
1 · · ·T
br
r T
γ = T1h
where 0 6= h ∈ IA and deg(h) < p.
Subcase (B3): bi ≥ 2 for some 1 ≤ i ≤ r, bj ≥ 2 for some p + 1 ≤ j ≤ s, and m1 ≤ m2. We
may assume m2 = bp+1. Using that g ∈ IA and m2 ≥ m1 ≥ 2, we get
(xv1 · · · xvr/xvp+1)m1 ∈ K[F ].
Hence, by the normality of K[F ], there is a monomial T γ such that the binomial
h1 = T1 · · ·Tr − Tp+1T
γ
is in IA. The binomial h1 is non-zero and has degree less than deg(f) because r < p. Then we
have
f − h1Tr+1 · · ·Tp = f − (T1 · · ·Tr − Tp+1T
γ)Tr+1 · · · Tp(2.7)
= Tp+1T
γTr+1 · · ·Tp − T
ap+1
p+1 · · ·T
aℓ
ℓ = Tp+1h,
where 0 6= h ∈ IA and deg(h) < p.
Subcase (B4): bi ≥ 2 for some 1 ≤ i ≤ r, bj ≥ 2 for some p+ 1 ≤ j ≤ s, and m1 > m2. Since
g is an unbalanced circuit, by hypothesis g has a connector
h2 = Tik+1 · · ·Tik+t − TidT
γ , ik+1 < · · · < ik+t,
with {ik+1, · · · , ik+t} ⊂ {p + 1, . . . , s}, id ∈ {1, . . . , r}, and such that h2 is a linear combination
of circuits of IA. Set
T δ = T
ap+1
p+1 · · ·T
aℓ
ℓ /Tik+1 · · ·Tik+t .
If f = −h2T
δ, then T δ = 1 and f = −h2. If f 6= −h2T
δ, then we can write
(2.8) f + h2T
δ = T1 · · · Tp − TidT
γT δ = Tidh,
with 0 6= h ∈ IA and deg(h) < p. This completes the proof of the claim.
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We are now ready to show that each fi in B is a linear combination of circuits. We proceed
by induction on deg(fi). Let p = min{deg(fi)| 1 ≤ i ≤ m} be the initial degree of IA. If fi is
a binomial in B of degree p, then either fi is a circuit or fi is not a circuit and by the claim
fi is a linear combination of circuits (notice that in this case h = h1 = 0 because there are no
non-zero binomials in IA of degree less than p). Let d be an integer greater than p and let fk
be a binomial of B of degree d (if any). Assume that each fi of degree less than d is a linear
combination of circuits. If fk is a circuit there is nothing to prove. If fk is not a circuit, then
by the claim (or more precisely by Eqs. (2.2)–(2.8)) we can write
(2.9) fk = λg + µh+ µ1h1 + µ2h2,
where λ, µ, µ1, µ2 are monomials, h, h1 are binomials in IA of degree less than d = deg(fk), h2
is a linear combination of circuits, and g is a circuit. Since IA is a graded ideal with respect to
the standard grading of K[T1, . . . , Tq], we get that h and h1 are linear combinations of binomials
in B of degree less than d. Therefore by Eq. (2.9) and the induction hypothesis, we conclude
that fk is a linear combination of circuits. Therefore the ideal IA is generated by a finite set of
circuits. 
Remark 2.7. In the proof of Theorem 2.6 (from (c) to (a)), the subcases (A3), (B1), and (B3)
cannot occur. Indeed, since fi belongs to a minimal system of binomial generators of the toric
ideal it cannot be written as a linear combination of binomials of the toric ideal of degree strictly
smaller. In Eq. (2.9) either λ or µ2 has to be nonzero.
The following result will be used in Section 3 to show a class of toric ideals generated by
circuits.
Corollary 2.8. Let A be a homogeneous normal configuration and let IA be its toric ideal. If
each circuit of IA with non-square-free terms is balanced, then IA is generated by a finite set of
circuits with a square-free term.
Proof. The circuits of IA satisfy condition (c) of Theorem 2.6. Indeed, let f be an unbalanced
circuit of IA. Then f has a square-free term by hypothesis. Thus f is a circuit with a square-free
term and it is a connector of f . Hence the result follows from Theorem 2.6. 
Corollary 2.9. Let A ⊂ Nn \ {0} be a homogeneous configuration and let IA be its toric ideal.
If each circuit of IA has a square-free term, then A is normal and IA is generated by a finite set
of circuits with a square-free term.
Proof. The normality ofA follows from [4, Theorem 2.3]. Since the circuits of IA satisfy condition
(c) of Theorem 2.6, we get that IA is generated by a finite set of circuits with a square-free
term. 
3. Toric ideals of normal edge subrings
Let G a multigraph with vertex set X = {x1, . . . , xn}, i.e., G is obtained from a simple graph
by allowing multiple edges and multiple loops. Thus the edges of G have the form {xi, xj}. If
e = {xi, xj} is an edge of G, its characteristic vector is given by ve = ei + ej , where ei is the ith
unit vector in Rn. Notice that if e is a loop, i.e., if i = j, then ve = 2ei. The incidence matrix of
G, denoted by A, is the matrix whose column vectors are the characteristic vectors of the edges
and loops of G. Since we are allowing multiple edges some of the columns of A may be repeated.
Let v1, . . . , vq be the characteristic vectors of the edges and loops of G and let A = {v1, . . . , vq}
be its associated vector configuration.
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Let K[T1, . . . , Tq] be a polynomial ring over a field K. The edge subring of G is the monomial
subring:
K[G] = K[xv1 , . . . , xvq ] ⊂ K[x1, . . . , xn],
where K[x1, . . . , xn] is a polynomial ring with coefficients in K. It is well known that the toric
ideal IA is the kernel of the following epimorphism of K-algebras
K[T1, . . . , Tq] −→ K[G]
induced by Ti 7→ x
vi .
Proposition 3.1. If f = T a − T b is a circuit of the toric ideal IA, then f has a square-free
term or f has non-square-free terms and maxi{ai} = maxi{bi} = 2.
Proof. If G is a simple graph, the result was shown in [15, Corollary 4.1]. The general case, i.e.,
the multigraph case, follows using an identical argument as the one given in [15]. 
We come to the main application of this paper.
Theorem 3.2. Let G be a multigraph and let IA be the toric ideal of the edge subring K[G].
Then K[G] is normal if and only if IA is generated by circuits with a square-free term.
Proof. ⇒) This direction follows at once applying Proposition 3.1 and Corollary 2.8.
⇐) It is seen using a description of the integral closure of the edge subring K[G] given in [12]
(cf. [2, Proposition 5.9]). 
Definition 3.3. A sub-multigraph H of G is called a circuit of G if H has one of the following
forms:
(a) H is an even cycle.
(b) H consists of two odd cycles intersecting in exactly one vertex; a loop is regarded as an
odd cycle of length 1.
(c) H consists of two vertex disjoint odd cycles joined by a path.
The circuits of G are in one to one correspondence with the circuits of IA as we now explain,
see [15] for a detailed discussion. Any circuit H of G can be regarded as an even closed walk
w = {w0, w1, . . . , wr, w0},
where r is even, w0, w1, . . . , wr are the vertices of H (we allow repetitions) and {wi, wi+1} is an
edge or loop of G for all i. Then the binomial Tw = T1T3 · · ·Tr−1 − T2T4 · · ·Tr is in IA, where
fi = wi−1wi and Ti maps to fi for all i.
Remark 3.4. The circuits of IA with a square-free term correspond to the following types of
circuits of G:
(a) Even cycles.
(b) Two odd cycles intersecting in exactly one vertex.
(c) Two vertex disjoint odd cycles joined by an edge.
Thus if K[G] is a normal subring, by Theorem 3.2 we obtain a very precise graph theoretical
description of a generating set of circuits for IA.
Toric ideals of edge subrings of oriented graphs were studied in [7, 8]. In this case the toric
ideal is also generated by circuits and the circuits correspond to the cycles of the graph.
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Acknowledgments. We thank the referees for a careful reading of the paper and for the
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Note added in proof : Apostolos Thoma has pointed out to us that the condition of Theorem 3.2
is not sufficient for the normality of the edge subring. A sufficient condition is the one given in
Corollary 2.9.
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